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Abstract. For a quasi-Fuchsian group V with ordinary set Q, and A n the 
Laplacian on n-differentials on T\Q, we define a notion of a Bers dual ba- 
sis <j>i, . . . ,<j>2d f° r kerAn- We prove that det A n / det(<£,-, 4>k)y i s i U P to an 
anomaly computed by Takhtajan and the second author in TT03a , the mod- 
ulus squared of a holomorphic function F(n), where F(n) is a quasi-Fuchsian 
analogue of the Selberg zeta Z(n). This generalizes the D'Hoker-Phong for- 
mula det A n = c g n Z(n), and is a quasi-Fuchsian counterpart of the result for 
Schottky groups proved by Takhtajan and the first author in IMT04I . 



1. Introduction 

Let T be a Fuchsian group, such that r\H + ~ X is a compact Riemann surface 
of genus g > 1, let X be endowed with the hyperbolic metric, and let A„ be the 
Laplacian acting on the nth power of the canonical bundle of X, n > 1. (See Section 
13 for definitions.) In DP86 , D'Hoker and Phong computed the zeta-regularized 
determinant of det A n in terms of the group P: 

oo 

(1.1) det A„ = c g , n Z(n) = c g , n J[ JJ (1 A( 7 )"+ m ), 

{ 7 } m=0 

where {7} runs over primitive conjugacy classes in T, A( 7 ) is the multiplier of 7, and 
c 9 ,n is a known constant. This theorem is an analogue of the expression, (essentially 
due to Kronecker), when X has genus 1 and a flat metric of area 1, 

(1.2) det'Ao(r) =4ImT|77(r)| 4 , 

where X = (z <— * z + l,Z)— * z + t)\C, and r\ is the Dedckind function, 

1 °° 

r,(r) = g2i JJ (1 - q = e 2 ™ . 

m— 1 

The expression (ll.l|) is a higher genus analogue of (|1.2fl , but other analogues — 
in some sense closer to (|1.2[1 — are possible. 

In |ZT87aj . Takhtajan and Zograf proved the following formula on the Tc- 
ichmiiller space T g : 

n „s „ f, , detA„ 6n 2 - 6n + I 

(1.3) w^^n: - — m — Mwp - 
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Here /i and v are holomorphic tangent vectors, (N n )jk — {4>j, 4>k) for a holomorphi- 
cally varying basis <f>i, . . . ,<f>d of holomorphic n-diffcrcntials, (d — (2n — l)(g — 1)), 
which wc call the period matrix, and ^ • , ■ )wp 

is the Weil-Petersson metric on T g . 
Now, for each point [X] S T g , there is a unique normalized marked Schottky 
group r with ordinary set f2, such that X ~ r\fi. As a corollary to their construc- 
tion of the Liouville action functional for Schottky groups, Takhtajan and Zograf 
constructed the classical Liouville action [ZT87b| . a positive real- valued function 
S on the Schottky space (whose points correspond to marked Schottky groups), 
and hence on the Tcichmuller space T g as well. The negative of this function is a 
potential for the Weil-Petersson metric, namely, 

d^du(-S) = (/i, v) WP . 

Therefore, 

det A n 6n 2 — 6n + 1 
l0g det^ + 12^ S 

is a pluriharmonic real- valued function on T g . Since T g is contractible, there exists 
a holomorphic function F(n) on T g such that 

,2 



det A„ 6n 2 -6n+ 1 2 

lo § TTaT + To 5 = lo S F W 

det A'n 127T 



or equivalently, 



det A„ / 6ra 2 — 6n + 1 



detiV„ V 12tt 



exp — S )\F(n)\ 
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which is what we refer to as "holomorphic factorization" . 

In |MT04| . L. Takhtajan and the first author showed that, with a suitable explicit 
choice of the basis 4>i , . . . , 4>d, depending on the Schottky group T, the function F(n) 
has the expression 

F(n) = (1 - A(Lx)) 2 (l - A(Lx) 2 ) 2 • • • (1 - A(L 1 )"- 1 ) 2 (1 - A(L 2 )"- 1 )x 

OO 

•nri( i - A w" +m )' 

{ 7 } m=0 

where {7} runs over primitive conjugacy classes in the Schottky group T, and 
L\, . . . ,L g are generators of T corresponding to the marking. (The factors before 
the product sign are related to the explicit choice of basis <p±, . . . , <pd-) This theorem 
is closer in form to the genus 1 result than is ll.lfl . and in fact specializes to it when 
9=\ 

In |TT03a| . L. Takhtajan and the second author extended the results of )ZT87b| 
to quasi- Fuchsian groups. In particular, they constructed the classical Liouville 
action, a positive real-valued function S on the quasi-Fuchsian space QF g (whose 
points correspond to marked quasi-Fuchsian groups). We have QF g ~ T g x T g . 
As in the Schottky case, the negative of this function is a potential for the Weil- 
Petersson metric. Therefore one may expect that a result similar to |MT04| will 
hold for quasi-Fuchsian groups. In this paper we prove such a result. 

First it is necessary to make an appropriate choice of basis for holomorphic 
n-differentials. For this purpose we define the notion of a Bers dual basis. Let 
r be a cocompact quasi-Fuchsian group with domain of discontinuity 17 = Q + U 
fi_, simultaneously uniformizing the compact Riemann surfaces X± ~ r\f2-|-. For 
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n > 1, Bers Bcr66 introduced an invertible integral operator K- which maps the 
conjugate of a holomorphic n-diffcrcntial on X- to a holomorphic n-differcntial on 
X + . Its kernel is given by 



(72 — w) 2n ' 



z £ f2+, w S fL 



Given a basis 4>f , . . . , <f>T of holomorphic n-differentials of X + ~ T\fi + , the Bers 
dual is the basis 07, . . . , <f>l of holomorphic n-diffcrentials of X- ~ such that 



K-(z,w) =V^(z)^ (w 



^ ■ > 

fe=i 



Now, the Local Index Theorem (11.3(1 and the result in TT03a imply that on 
the quasi-Fuchsian space, there exists a holomorphic function F(n) such that 

detA„(X+) detA„(X_) / 6n 2 - 6n + 1 \ 2 

_ex P s )\ F ip)\ ■ 



detN n ([X+])detN n ([X^]) ^\ 12ir 

Here (N([X±]))jk = {<t>f,4>k) f° r ^ers dual bases (fif, . . . , <fi^ and <fy[ , . . . , <fi^. In 
this paper, we show that up to a known multiplicative constant, the function F(n) 
is given by the product 

00 

F(n) = lH[(l-\( 7 ) n+m ), 

{ 7 } m=0 

where {7} runs over the set of conjugacy classes of primitive elements of the quasi- 
Fuchsian group r. 

This theorem specializes to the D'Hoker-Phong result when restricted to the 
subspace of Fuchsian groups. In fact, the method of proof is to use l|l.lfl . together 
with pluriharmonicity (coming from the Local Index Theorem), and symmetry 
properties of the various quantities in the theorem under complex conjugation of 
the group r 1— > T. 

We collect the background facts we will need in Section El In following sections, 
we discuss the generalization of the Local Index Theorem, the function F(n), the 
Bers integral operator and Bers dual basis. The main theorem is stated and proved 
in Sectional 

Acknowledgements. We would like to thank Leon Takhtajan for helpful sugges- 
tions. A. Mcintyre would like to thank Paul Gauthier for a useful discussion. The 
work of L.-P. Teo was partially supported by MMU internal funding PR/2006/0590. 

2. PRELIMINARIES 

In this section, we collect some necessary facts and definitions. We refer the 
reader to the references cited for further details. 

2.1. Quasi-Fuchsian groups and simultaneous uniformization. (See Ahl87 
IBer70l IBer71l IBer81l IKra721 ITT03aJ .1 By definition, a Kleinian group is a dis- 
crete subgroup T of the group of Mobius transformations PSL(2,C) which acts 
properly discontinuously on some non-empty open subset of the Riemann sphere 
C = C U {00}. The largest such subset VI C C is called the ordinary set of T and 
its complement A is called the limit set of T. 
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A Klcinian group T is called a quasi- Fuchsian group if it leaves some directed 
Jordan curve C £ C invariant. We have A C C; if A = C, the group is said to be of 
the first kind. In this case, f2 consists of the two domains f2+ and complementary 
to C, chosen such that the boundary of Q± (with the orientation from the complex 
plane) is ±C. If C is a circle or line, the group is called Fuchsian; in this case, we 
will assume C has been conjugated to R = RU {00} with the usual orientation, so 
il± = H±, the upper (resp. lower) half plane. 

It is known that a group T is quasi-Fuchsian if and only if it is the deformation 
of a Fuchsian group under a quasiconformal (q. c.) map, that is, 

r = wTqw -1 

for some Fuchsian group Tq and some q. c. homeomorphism w : C — > C. (See the 
references for the definition of a q. c. map.) 

An element 7 of PSL(2, C) is called loxodromic if it is conjugate in PSL(2, C) to 
z 1 ► A (7)2: for some A (7) £ C (called the multiplier) such that < | A('y) | < 1; if ev- 
ery element of a Kleinian group is loxodromic except the identity, the group is called 
totally loxodromic. If T is a finitely generated, totally loxodromic quasi-Fuchsian 
group of the first kind, then the quotient T\Cl ~ X has two connected components 
r\f2± ~ X±, which are nonsingular compact Riemann surfaces of common genus 
g > 1. If r is Fuchsian as well, then A_ ~ X + , the mirror image of X + (ob- 
tained by taking the complex conjugate of all local coordinates). Conversely, Bers 
simultaneous uniformization theorem states that, given any two compact Riemann 
surfaces X+, A"_ of common genus g > 1, there exists a finitely generated totally 
loxodromic quasi-Fuchsian group of the first kind T such that r\f2± ~ X±. 

In the sequel, "quasi-Fuchsian group" will always refer to a finitely generated, 
totally loxodromic quasi-Fuchsian group of the first kind. 

A marked quasi-Fuchsian group is a quasi-Fuchsian group T (with the above 
convention), together with a choice a±, . . . , a g , b\, . . . , b g S T of generators corre- 
sponding to standard generators of ni(X + ). The marking directs C by taking the 
segment from the attracting fixed point of a% to that of a-i to be positively di- 
rected. A marked quasi-Fuchsian group is normalized if the attracting fixed points 
of a% and 02 are and 1 respectively, and the repelling fixed point of a\ is 00. A 
marked quasi-Fuchsian group may be normalized by a (unique) overall conjugation 
in PSL(2,C). 

2.2. n-diflferentials and determinants of Laplacians. (See |TZ91| and refer- 
ences therein.) Suppose that T is a quasi-Fuchsian group, with r\f2± ~ X± com- 
pact Riemann surfaces of genus g > 1. For integers n and m, an automorphic form 
of type (n, m) is a function (f> : Q± — » C such that 



<j)(z) = 0( 7 z)7'(z)™7'(z) for all z e Q±, 7 e T. 

We write B n _ rn (Q±,T) 1 for the space of smooth automorphic forms of type (n,m), 
and identify B n>m (p,±, T) with B ni7n {X±), the space of smooth sections of lo~\ ± ® 
u>x+i where u>x± = T*X± is the holomorphic cotangent bundle of X±. We abbre- 
viate B n fi(fl±,T) = B n (Q,±,T), called n- differentials, and write A n (Q±,T) for the 
holomorphic n-diffcrcntials. 
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The hyperbolic metric on X±, written locally as p(z) \dz\ , induces a Hermitian 
metric 

(2.1) (^)=J<^p 1 - n - m d\ 

on B ny , n (X±), where T± is a fundamental region for Y in fl±, and d 2 z = |dz A dz 
is the Euclidean area form on Q±. The complex structure and metric determine a 
connection 

D = d n © d n : B n (X ± ) -► B n+1 {X ± ) ® B nA (X ± ) 
on the line bundle ll>x ± > given locally by 

d d 
d n = t= and d n = p n — p ". 

az oz 

The 9-Laplacian acting on B n (X±) is then A„ = d n d n , where d n = —p~ 1 d n is the 
adjoint of d n with respect to (|2.1(l . 

The operator A„ is self-adjoint and non-negative, and has pure discrete spectrum 
in the L 2 -closure of B n ^ m (X±). The corresponding eigenvalues < A < Ai < • • 
of A„ have finite multiplicity and accumulate only at infinity. The determinant of 
A„ is defined by zeta regularization: the elliptic operator zeta-function 

Us) = E 

A fc >0 

defined initially for Res > 1, has a meromorphic continuation to the entire s-plane, 
and by definition 

det A„ = e-^°l 

The non-zero spectrum of Ai_„ is identical to that of A„, so that det A„ = 
det Ai_„. Hence without loss of generality we will usually assume n > 1. 

For n > 2, ker A„ = A n (X±) has dimension d = (2n—l)(g—l). If 4>i, ■■■,<f>d ls a 
basis for A n (X±), we refer to (N n )jf. = (<pj, 4>k) as the period matrix corresponding 
to this basis. 

2.3. Quasi-Fuchsian deformation space. (See |Ahl871 lBer8lT ITT03a| . and ref- 
erences therein.) The set of marked, normalized quasi- Fuchsian groups of genus 
g > 1 (recall our conventions on quasi- Fuchsian groups from Section 12.1(1 has a 
natural structure of a complex manifold of dimension 65 — 6. We refer to it as 
the quasi- Fuchsian space of genus g and denote it by QF g . The subset of QF g 
corresponding to Fuchsian groups — that is, the subset with X_ ~ X + — is called 
the Teichmiiller space, T g . It is a totally real submanifold of QF g ; however, it 
has a natural complex structure. With this complex structure, there is a natural 
biholomorphism Kra72 

(2.2) QF g = T g xT g . 

We obtain the first (resp. second) copy of T g by fixing X_ (resp. X + ) (this is the 
Bers embedding of T g into QF g ). 

Local coordinates {Bers coordinates) for QF g may be defined as follows. Fix 
a quasi-Fuchsian group Y of genus g, which will serve as the basepoint for the 
coordinate chart. Let (f2,r) be the space of harmonic Beltrami differentials 

for T, that is, fx G £?_i,i(fi,r) such that (pp) z = 0. It is a complex vector space 
of dimension 617 — 6; we give it the sup norm. Each in the open unit ball in 
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f2_i,i(f2,r) is identified with a group T 11 , a deformation of T, by the generalized 
Riemann mapping theorem: extending fj, to C by fi\\ = 0, there exists a unique 
q. c. homeomorphism : C — > C satisfying the Beltrami equation 

(2.3) {wp)z=Li(w IJ ,) z 

and fixing the points 0, 1 and oo. Set 

The group T^ 1 is quasi-Fuchsian, marked, and normalized, so it may be identi- 
fied with a point in QF g ; for a sufficiently small neighbourhood of the origin in 
ri_ i : i (O, r) , this identification is injective. 

Write U(T) for the Bers coordinate chart based at T. There is a natural bi- 
holomorphism U(T) ~ [/(F 1 ), mapping T v £ U(T) to (r^) A e U(T>*) such that 
w u = w\ ow^, which provides overlap maps for the coordinate charts, and allows us 
to identify the holomorphic tangent space at the point r" £ U (T) with the space of 
harmonic Beltrami differentials fi-i^fi", T"). Given fi £ f2_i i i(0,r), we denote 
by dfj, and djz the holomorphic and anti-holomorphic derivatives (vector fields) in a 
neighbourhood of T defined using the Bers coordinates at the point T. The scalar 
product H2.1fl on il_i.i(r !y ) defines a Kahler metric on QF g — the Weil-Petersson 
metric. 

To cover QF g , it is sufficient to take Bers coordinate charts based at Fuchsian 
groups. Explicitly: given a Fuchsian group To, let /xi, . . . , /ieg-6 be a real basis of 
f2_i,i (ro) which satisfies 

and map e = (ei, . . . , £6g-6) l— * r e = w e oTqow^ 1 , where w £ : C — > C is the unique 
normalized q. c. mapping with Beltrami differential ei/ii + . . ■ £65-6/^69-6 • I n this 
coordinate chart, the subset Imefc = 0, k — 1, . . . , 6g — 6 consists of precisely the 
Fuchsian groups in the chart. These coordinate charts cover QF g . 

For r quasi-Fuchsian and fi in the unit ball in Q_j ) i(r), if w £ is the corresponding 
q. c. map satisfying i|2.3|) . we then have, for each z £ VL, 

d 

w efl (z) = 0. 



(2 ' 4 > m 



Combining this with the equation 

(2.5) 7 £/, oio £(1 = wj^o 7 , 

we have 

for each 7 £M £ T Efl . 



7 £ m 

e=0 



2.4. Families of n-differentials. (Sec Bcr8l] and references therein.) The quasi- 
Fuchsian fibre space is a fibration p : ' g — > QF g with fibre 7r _1 (t) = r*\fi* for 
t £ QF g . Let TyJ^JPg — > be the holomorphic vertical tangent bundle — the 

holomorphic line bundle over g consisting of vectors in the holomorphic tangent 
space Tj3^ g that are tangent to the fibres 7r _1 (i). A family of n-differcntials is 
defined as a smooth section of the direct image bundle 
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The fibre of A„ over t E QF g is the vector space B n (fi*,r*). The hyperbolic metric 
p l on r'\fi 4 defines a natural Hermitian metric on the line bundle A n by (|2.1|l . 

Analogously, there exist fibre spaces p± : (J2^ g )± — » QF g with fibre 7r~ 1 (i) = 
r'\f2j_ for t 6 QFg, and consequently we may define families of n-differentials in 

£n04,r'). 

For a harmonic Beltrami differential /i in the unit ball of i7_i ! i(f2, T), the pull- 
back of an n-differential 4> £ e B n (fl £fJ -, r eM ) is an n-differential w* e ^(4> e ) G B n (fi, F) 
defined by 

where w £M : C — > C is the solution of the Beltrami equation corresponding to /i. 
The Lie derivatives of the family <j) e in the directions /i and ~p arc defined by 

w* e „m eB„(0,r) 




Note that a smooth section 0* of (A„)± is holomorphic if and only if Ljc<p — in 
each Bers coordinate chart. If <f>\ , . . . , <f> d are holomorphic sections which form a 
basis of A n (fl t j_,T t ) for each t S Qi 7 ^, we call them a holomorphically varying basis 
of holomorphic n-differentials. 

2.5. Inversion on the quasi-Fuchsian deformation space. There is a canon- 
ical inversion i on the quasi-Fuchsian deformation space given by T i— » T, where T 
is the quasi-Fuchsian group 

With our conventions, we have ^±(r) = il T (r), where f2± means the set of z such 
that z s f2±, with the orientation from the complex plane. The hyperbolic metric 
on Q is given by = pa(z). If r\ft -I + UI_, then T\U ~ XT U XjT, where 

AT± is obtained from X± by taking the conjugate of all local coordinates. Note 
that as a hyperbolic manifold, X± is isometric to X± by an orientation-reversing 
isometry. The fixed submanifold of the inversion i is precisely the real submanifold 
of Fuchsian groups. On the Bers coordinate with a Fuchsian basepoint To, the 
inversion is realized explicitly by t(u)(z) = fi(z). 

2.6. Classical Liouville action. In |TT03a| . Takhtajan and the second author 
constructed the classical Liouville action S : QF g -^lon the quasi-Fuchsian space, 
which has the following properties: 

CL1 S is a real analytic function on QF g . 
CL2 S is invariant under the inversion i, that is, S(T) = S(T). 
CL3 Restricted to the real submanifold of Fuchsian groups, S is a constant, 
equal to 8ir(2g — 2). 

CL4 —S is a potential for the Weil-Petersson metric on the quasi-Fuchsian de- 
formation space. Namely, at a point T, for all fi, v G fi_x i(r), 



L ^=dS 



and L-p4> = Tjz 



d^dui-S) = {(i, v). 



8 



ANDREW MCINTYRE AND LEE-PENG TEO 



2.7. Selberg Zeta function and D'Hoker-Phong theorem. The Selberg zeta 
function Z(s) of a Riemann surface X ~ r\H+, where T is a Fuchsian group, is 
defined for Re s > 1 by the absolutely convergent product 

oo 

z{s) = n n (! A (7o) s+m ), 

{70} ™=0 

where 70 runs over the set of conjugacy classes of primitive hyperbolic elements of 
r, and < A(7) < 1 is the multiplier of 7. The function Z(s) has a meromorphic 
continuation to the whole s-plane. In DP86 , D'Hoker and Phong proved that for 
n > 2, 

(2.8) det A n = Cg, n Z(n). 

Here c g ^ n is an explicitly known positive constant depending only on g and n, and 
not on X (we refer the reader to [DP86 for the precise expression for c 9j „). 

3. Generalized local index theorem on the quasi-Fuchsian space 

In |ZT87a| (see also |TZ91p . Takhtajan and Zograf proved the Local Index 
Theorem: 

Theorem. Let T be a marked Fuchsian group corresponding to a point in the Te- 
ichmuller space T g , with r\H+ ~ X a compact Riemann surface of genus g > 1. 
Write [X] for the corresponding marked Riemann surface. Then we have, for all 

,u,i/e 0-1,1 (H+,r), 

_ „ . detA n (X) 6n 2 -6n+l 
d ^ l ° S detN n ([X]) = 1^ 

where (N n ([X]))jk — {4>j, 4>k) is the period matrix of a holomorphically varying basis 
tf>i,..., 4>d of A n (X), i. e. of holomorphic n- differentials of the Riemann surface 
X. 

Note that we write N n ([X]) since we may find a holomorphically varying basis 
globally only over T g , not over the moduli space of surfaces X. 

Given T a quasi-Fuchsian group with ~ X ~ X + U X_ a union of compact 
Riemann surfaces X± of genus g > 1, the determinant of the Laplacian acting on 
n-differentials is the product 

det A n (X) = det A n (X+) det A n (X-) = cl n Z x+ (n)Z x _(n), 

and, given choices of holomorphically varying bases of holomorphic n-differentials 
on X + and X_, the period matrix N n ([X]) is defined as 

detiV n ([X]) = detiV n ([X + ])detiV n ([X_]). 

It is straightforward to generalize the Local Index Theorem to quasi-Fuchsian 
groups: 

Theorem. Let T be a marked quasi-Fuchsian group corresponding to a point in the 
quasi-Fuchsian space QF g , with T\Cl ~ X ~ X + UX_ a union of two compact Rie- 
mann surfaces of genus g > 1. Write [X±] for the corresponding marked Riemann 
surfaces. Then we have, for all /1, v G f2_i.i(J7, T), 

_ _ . detA n (X) detA„(X+) detA„(X_) 6n 2 -6n+l 

d ^ l ° g detN n ([X])- d ^detN n ([X + ])detN n ([X^ = 12. <"'">• 
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We call this the Generalized Local Index Theorem. 

Proof. Simply use the isomorphism QF g ~ T g x T g to split the tangent space 
T t QF g ~ T t T g © T t T g at each point t e QF g . □ 

4. The function F(n) 

Analogous to the Selberg zeta function Z(s), given a quasi- Fuchsian group T and 
an integer n > 2, we define the function 

oo 

F(n) = Ul[(l-\(-y r+ m ), 

{ 7 } m =0 

where {7} runs over the set of conjugacy classes of primitive elements of T, omitting 
the identity and < 1 the multiplier of 7. The product converges absolutely if 

and only if the series J2{j} J2m=o\^\ m+n converges. It is straightforward to prove 
that this series converges provided that the multiplier series $Z[ 7 j|A 7 | n converges, 
where [7] runs over all distinct conjugacy classes (not necessarily primitive) in T. 
The argument of Biiser for Schottky groups |Bus96| goes through for quasi- Fuchsian 
groups, showing that multiplier series converges if the Poincare series X)[ 7 ]l7'( 2 )l" 
converges, and it is a classical fact that this converges when n > 2. 

Lemma 4.1. 

(i) F(n) is a holomorphic function on the quasi- Fuchsian deformation space. 

(ii) Under the inversion l on the quasi- Fuchsian deformation space, the function 
F(n) transforms as F(n)(T) = F(n)(T). 

(iii) Restricted to the real submanifold of Fuchsian groups, F(n) is real and 
coincides with Z(n). 

Proof. Properties (ii) and (iii) are immediate from the definitions. It is easy to 
show that the multiplier A(7) is a holomorphic function of the entries of 7, whenever 
< A(/y) < 1. Combining this with (|2.6|l establishes property (i). □ 

These properties characterize F (n) uniquely; see Lemma 16. II 



5. BERS INTEGRAL OPERATOR AND BERS DUAL BASES 

Let r be a quasi- Fuchsian group of genus g > 1 with ordinary set Q + Uf2_ (recall 
our conventions on quasi- Fuchsian groups from Section |2.1|) . and let n > 2 be an 
integer. Recall that A n (fl±,T), the space of holomorphic n-differentials of T with 
support on fl±, is a complex vector space of dimension d — (2n — l)(g — 1), with a 
canonical inner product given by 

(<t>^)= J ^z^piz) 1 -" d 2 z. 
r\o± 

5.1. Bers integral operator. In Bcr66j, Bers introduced complex linear opera- 
tors 

K±(T) : A n (Q ± ,T) -» A n (fl T ,T) 
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(we suppress the n to simplify notation). The two operators K±(T) (or simply K±) 
are denned for <fi G A n (Cl±, V) and z £ fl T by 



(z — w) 2n 
n± r\n± 

where c n is the constant 

_ 2 2 "~ 2 (2n- 1) 

7T 

and, for z € Slzp , u> G f2±, 

y(z) B 



iif±(,Z,U;) = Cn ^ 



Hz — w) 2n 

We can also define these operators for the conjugate group T; we have 



K±(T) : A n (n T ,T) -> A n (fi±,r). 



Remark 5.1. In |Ber66j . the operator is defined on the Banach space B n (f2_, T), 
where ,B n (f2_,r) is the space of bounded n-differentials of T with support on f2_. 
There is a canonical decomposition 

B n = A n © J\f ^ , 

where N n is the subspace of B n consisting of all rj such that 

r^p 1 -" = 0, 

r\n_ 

for all holomorphic n,-differentials <f> which are L 1 integrable. Using this character- 
ization of Af n , it is easy to see that N n lies in the kernel of K-. Hence here we 
define K_ on the quotient space B n /J\f n ~ A n (and similarly for K + ). 

Define operators 

l± : A n (Q ± ,r)^A n (QZ,T), 



z±:j4 T ,(fi±,r)->4,(fi ±1 r) 

by (l±4>)(z) = 4>{z) and (T±(f)(z) = <f>(z) for each <j> G A n (fl±,T) and z € f2±. 

Lemma 5.2. 

(i) K^cf) = ~K^> for all <j> in A n (Q T ,T). 

(ii) t T i^±(r) = if T (r)i± and x±i^±(r) = ^(r)^. 

(iii) When T is Fuchsian, K±<p — i±<fi for all <f> in A n (Q±,T). 

Proof. For z G Q± and G A n (Q^,T), the adjoint operator K± : A n (Q T ,T) 
A n (Q±,r) is given by 

(f>(w)p(w) 1 ~ " 
(z — w) 



its* x\t \ \ v\ uj jh\ uj j i2 

(K±<f>)(z) = Cn \ d 



hence 



Jn r \ z ~ w ) 



l-n 
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establishing (i). For z £ and <j> G A n (Q±,T), 



4>{w)p(w 



,1-n 



{l t K ± {T)4>){z) = (K ± {T)4>){z) = c n / ^ d 2 w 

n± \ z ~ w ) 



(z - w) 2n 



which proves the first part of (ii); the second part is similar. When T is Fuchsian, 
property (iii) is the reproducing formula — see |Ber66j . □ 

Bcrs proved that the operator K± is invertible. Hence k± — K±K± is a self 
adjoint positive definite operator. 

Lemma 5.3. 

(i) k+ and K- have the same eigenvalues. 

(ii) K±(r) and k^z(T) have the same eigenvalues. 

(iii) IfT is Fuchsian, K±(T) is the identity. 

Note that properties (i) and (ii) imply that n±(T) and k±(T) have the same 
eigenvalues. 

Proof. The map <fi i— » K+4> from A n (fl + ,T) — > A„(f2_,r) conjugates k + with k_: 

K + K* + (K+~4>) = K + K\K^4> = K+K_K*_4>, 

which establishes (i). To prove (ii), note that the map t_ conjugates K+(r) with 
«_(r): 

l^K + (T)K%{T) = K_(r)-K* + (T) = K_(T)K*_(T)i_. 
Property (iii) follows from part (iii) of the previous lemma. □ 

5.2. Bers dual bases. We choose a basis <j>J , . . . , <j>T of A n (fl + ,T) and expand 
the kernel K-(z,w) with respect to this basis by 

d 
k=l 

We define the period matrices N± = N n ([X±]) by 

{N±) kl = (^Af)- 

Then 

_ d d 

K-(z,w)= J K_{z,u)K^(w 1 u)p{u) 1 - n d 2 U = ^^ ( /»+(z)(iV_) jfc 0+H, 



r\n_ 

and hence 



3=1 k=l 



d / d \ 
(«_#)(*) = Y,(N + )ik(N-) jk 4>}{z). 

j=l \k=l J 

Namely, with respect to the basis </>]*", . . . ,<f>5, the matrix for the operator k_ is 
given by N + N^. The invertibility of k_ then shows that 07, .. . , 07 is a basis of 
^4 n (r2_,r), and we say that this basis is Bers dual to cpf , . . . ,(f>t ■ Note that we 
have det k_ = det N+ det iV_ . 
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5.3. Properties of period matrices. Suppose that (frf , . . . , <f>t is a basis for 
A n (Q + ,T) chosen globally on QF g and varying holomorphically, and <jh[, . . . ,(f>7 
is a Bers dual basis for A n (fL_, V). Let N± be the corresponding period matrices. 

Lemma 5.4. 

(i) The basis 4>i 1 ■ ■ ■ , 4>d varies holomorphically on QF g . 

(ii) det iV+ det N- is invariant under the inversion l on QF g . 

(hi) det N+ det N- = 1 on the real submanifold of Fuchsian groups. 

Proof. If /j G n_i i i(r) is a harmonic Beltrami differential, and w e ^ is the q. c. 
mapping defined by s/i, then by l|2.4|) and l|2.5|l . we have 



d_ 



:=0 



the symbol M indicating that we are pulling K-(z,w) back as an n-differential in 
each variable. Hence, 



E 

k=l 



d_ 

ds 



w 



E=0 



d_ 

ds 



Consequently, if the basis <p~{ , . 
i. e. for all k. 



E=0 

. , (f)^ varies holomorphically with respect to moduli, 



then 



d_ 

ds 

d_ 

8e 



e=0 



X„(#) e N(*) = o, 



If (*) = o 



for all k as well, which proves (i). 

Properties (ii) and (iii) follows from Lemma f5. 31 since det K- = det ./V+ det 7V_ 



□ 



5.4. Global choice of basis over QF g . We may choose a holomorphically varying 
basis of n-differentials globally over the Teichmiiller space by using the Bers embed- 
ding. Fix a marked Riemann surface [X + ], and choose a fixed basis (f)f , . . . , <f>f of 
A n (X + ). Then for any [X—], take the corresponding quasi- Fuchsian group, identify 
<f>i ,...,(/) ,[ with a basis of A n (Q + , T), and let 07, . . . , (f>^ be the Bers dual basis of 
A n (fl-,T). By Lemma [5.41 this basis varies holomorphically. (This is essentially 
equivalent to a construction by Bers; sec Ber81 and references therein.) 

Now, assume a choice of holomorphically varying basis of rt-differcntials , . . . , (f)^ 
of A n (X + ) has been made at each point [X + ] in the Teichmiiller space. Given any 
[X—], take the corresponding quasi- Fuchsian group, identify (f)^, . . . , (f)^ with a basis 
of A n , r) , and let 07 , . . . , 07 be the Bers dual basis of A n (f2_ , T) . By Lemma 
15.41 this basis varies holomorphically. 

Consequently we have shown that it is possible to make a choice of holomorphi- 
cally varying bases <j)f , . . . , (f/7 of A n (fl± 1 T) globally over QF gi in such a way that 
07, . . . , 07 is Bers dual to (j)^, . . . , 0j at each point of QF g . 
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6. HOLOMORPHIC FACTORIZATION OF DETERMINANTS OF LAPLACIANS 

In this section, we prove our main theorem: 

Theorem. Let Y be a quasi- Fuchsian group simultaneously uniformizing compact 
Riemann surfaces X + and X- of genus g > 1. Then for n > 2, 

detA n (X+) detA„(X_) . ..j ( 6n 2 -6n+l 
det7V„([X + ])detiV n ([X-]) =a ^ |Fr(n)l vT, Sv 

Here the Laplacian is computed in the hyperbolic metric; N n ([X±]) are period ma- 
trices of bases of ker A n (X±), Bers dual in the sense of Section \5.$ft and chosen 
globally over the quasi- Fuchsian space; and St is the classical Liouville action de- 
fined in Section \2. 61 The function 

oo 

Fr(n)= J] II (l-A(7)" +m ) 
{ 7 }erm=o 

is defined in more detail in Section^ and a g ^ n is the positive constant 

2 f (6n 2 -6n+ l)(4g-4) 



c g,n ex P v •.» 

where c gi „ is the constant from the D'Hoker-Phong formula l|2.8(l . 

First, we prove a "Schwarz reflection" lemma for pluriharmonic functions: 

Lemma 6.1. Let V be an open, convex subset ofC m , such that VnW" 1 is nonempty. 
Suppose that h : V — ► M. satisfies the following conditions: 
d 2 h 

(i) t; — = everywhere in V, for all j, k € {1, . . . , to}. 

(.J Zj CJ Zfc 

(ii) h(xi,...,x m ) =0 for all { Xl ,...,x m ) 6 VnW m . 

(iii) h(zi, . . . ,z m ) = h(zi, z m ) for all {z\, z m ) G V 

such that (zi, . . . ,z m ) G V. 
Then h is identically zero on V . 

Proof. Fix a,b e W n , and let W = {z G C : az + b E V}. Define f : W —> R 
by f{z) — h(az + b). Property (i) implies that / is harmonic on W. Property 
(ii) implies that f(x) — for all x G W fl M. Hence by the Schwarz reflection 
principle, we have f(z) = —f(z) for all z in some neighbourhood of VFnK. On the 
other hand, f{z) — f(z) whenever z,~z € W by (iii), so f(z) = for all z in some 
neighbourhood of W D R. But since V is convex, W is connected, so f(z) =0 for 
all zeW. 

Hence h is zero at all points in V of the form az + b for some a,b £ R m and 
some 2 G C. But it is easy to check that every point in C m is of this form, so h is 
identically zero on V. □ 

Now we return to the proof of the theorem. Let 
. . / detA„(X+) detA n (X_) / - / 6n 2 - 6n + 1 
71 = MdetiV n ([X + ]) detiV„([X_])/ a - l ^ r( " )l 6X H i^r— 5r 

The function /i is real- valued on the quasi- Fuchsian deformation space QF g . We 

claim that 

(i) h is pluriharmonic on QF g 

(ii) /i is invariant under the inversion i 
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(iii) h = on the real submanifold of Fuchsian groups. 

Property (i) follows directly from the generalized local index theorem (Section |3J) 
and the fact that Fr(n) is holomorphic on QF g (Section EJ. Property (ii) follows 
from the transformations under l, established in Sections 12 . 21 El l2~Hl and 15. 31 of the 
factors appearing in h. Using the fact that Sp is constant on the real submanifold 
of Fuchsian groups, property (iii) reduces to the D'Hoker-Phong formula l|2. 8fl . 

Writing h in the local coordinates on QF g described in Scction l2~3l we see that it 
satisfies the conditions of Lemma Ifi. II and hence is identically zero on QF g , proving 
the theorem. 

Remark 6.2. The theorem should be considered as an equality of functions over the 
quasi- Fuchsian space QF g . However, we can obtain as a corollary an equality of 
functions over the Teichmuller space T gi by means of the Bers embedding. Fix the 
marked Riemann surface [X_] and the basis , . . . , <j>l of holomorphic n-differen- 
tials on [X-]. Then dot A n (X-)/ det N n ([X_]) is constant, and all other quantities 
in the theorem are functions only of 6 T g . 
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